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Abstract 

Bose- Einstein condensation is usually modeled by nonlinear Schrodinger 
equations with harmonic potential. We study the Cauchy problem for these 
equations. We show that the local problem can be treated as in the case with 
no potential. For the global problem, we establish an evolution law, which 
is the analogue of the pseudo-conformal conservation law for the nonlinear 
Schrodinger equation. With this evolution law, we give wave collapse criteria, 
as well as an upper bound for the blow up time. Taking the physical scales 
into account, we finally give a lower bound for the blow up time. 



1 Introduction 

This paper is devoted to existence and blow up results for the nonlinear Schrodinger 
equation with isotropic harmonic potential, 

f,2 2 

i%d tU h + Y Auh = ~^ x2yh + Mu H \ 2tT u h , (*. x) e M+ x R", ( . ( i ) 

"|t=0 — a 0> 

where A G K, and uj,a > 0. Similar equations are considered for Bose-Einstein 
condensation (see for instance ||, |Q), with a = 1; the real A may be positive 
or negative, depending on the considered chemical element, and is proportional to 
H 2 . With the operators introduced in || and [Q (see Eq. (1.3)), we prove existence 



results which are analogous to the well-known results for the nonlinear Schrodinger 
equation with no potential (see for instance J5j). These operators simplify the proof 
of some results of [^l), [|l3) and Q, as well as the general approach for (1.1). In 



addition, we state two evolution laws (Lemma 3.1), which can be considered as the 



analogue of the pseudo-conformal evolution law of the free nonlinear Schrodinger 



field, and allow us to prove blow up results. Precisely, if we assume that A is 
negative (attractive nonlinearity) and a > 2/n, then under the condition 



A 



-IKII 



R||2cr + 2 

L 2v + 2 



<0, 



the wave collapses at time t^ < ^ (Prop. 3.2). Notice that this condition is exactly 
the same as the well-known condition for the nonlinear Schrodinger equation with 
no potential (ui — 0, see e.g. ||, jl2]| ). In particular, blow up occurs for focusing 
cubic nonlinearities (A < and a = 1) in space dimensions two and three, but not 
in space dimension one. Next, we prove that if A is negative and proportional to 
h 2 , a = 1 (the physical case), and n — 2 or 3, then the wave collapse time can 
be bounded from below by — Ah a , for some constant A and positive number a 
(Cor. |4.2| ). When n = 1, we consider the case of a quintic nonlinearity (a = 2), 
which should be the right model for Bose-Einstein Condensation in low dimen- 
sion (see |l(J). Notice that all these results are proved for fixed H, with constants 
independent of H e]0, 1]. 

The following quantities are formally independent of time, 



N 



|u R (t)|' 2 



L 2 i 



E h =-\\h\7 x u h (t)\\l 2 + Y \\xu h (t)\\h 



■\\u h (t)\ 



(1.2) 



L 2 "+ 2 • 



If N h and E h are defined at time t = 0, we prove that the solution u h is defined 
locally in time, with the conservation of N h and E h , provided that a < 2/ (n — 2) 
when n > 3. If A > 0, then the solution u h is defined globally in time. If A < 0, 
several cases occur. 

• If a < 2/n, then the solution is defined globally in time. 

• If a > 2/n, then the solution is defined globally in time if Uq is sufficiently 
small. 

• If a > 2/n and E h < ^\\xUq H^, then the solution collapses at time t% < ^j. 
The operators on which our analysis relies are 



jf(t) = -rXjSmfwt) — icos(ujt)dj ; 



Hj(t) = uJXj cos(wt) + iKsm(u)t)dj. (1.3) 



We denote J h {t) (resp. H h (t)) the operator-valued vector with components J? (t) 
(resp. H?(t)). 

Lemma 1.1 J h and H h satisfy the following properties. 
• The commutation relation, 



H\t),iha t + -j A -Y* > 



= 0. (1.4) 
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Denote M h {t) = e -^§7r tan M), and Q h {t) = e iw % <=ot(u>t)^ then 

J h (t) = -icos(tot)M h {t)V x M h {-t), 
H h {t) = ihsm(u;t)Q h {t)\7 x Q h (-t). 



(1.5) 



• The modified Sobolev inequalities. For n > 2, and 2 < r < ^rj, define d(r) 
by 



(1.6) 



TTien for any 2 < r < f2 < r < oo if n = 1), there exists C r such that, 
\\v{t)\W < CrWvm 1 ^ (\\J h (t)v(t)\\ L i + \\hH\t)v{t)\\ L ,) 5(r) . (1.7) 
for any function F G C 1 (C, C) o/ the form F(z) — zG(\z\ 2 ), we have, 
H h (t)F(v) = d z F(v)H h (t)v - d z F(v)H h (t)v, Vt <£ -Z, 



J n (t)F(v) = d z F(v)J R (t)v - d z F(v)J h (t)v, Vt 



7T 



2uj LU 



-z. 



(1.8) 



Remark. Property (1.8) is a direct consequence of (1.5). Property (1.7) is a conse- 
quence of the usual Sobolev inequalities and (1.5). 
Notations. We work with initial data which belong to the space 

£ := {u e L 2 (R n ) ; xu,Vu E L 2 (M™)} . 



Notice that £ = D(y/—A + \x\ 2 ): we work in the same space as in pd| ]. 
The notation r' stands for the Holder conjugate exponent of r. 

The pap er is organized as follows. In Sect. we study the loc al C auchy problem 
for (1.1), and we give sufficient conditions for the solution of (1.1) to be defined 
globally in time. In Sect. ||, we give a sufficient condition under which the solution 
blows up in finite time, and provide an upper bound for the breaking time. In 
Sect. | we give a lower bound for the breaking time, that shows that the upper 
bound underscored in Sect. || is the physical breaking time in the semi-classical 
limit. 



2 Existence results 

The solution of (1.1) with A = is given by Mehler's formula (see e.g. JtJ), 
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This formula defines a group U h (t), unitary on L 2 , for which Strichartz estimates 
are available, that is, mixed time-space estimates, which are exactly the same as 
for Uq (t) = e l ~5~ . Recall the main properties from which such estimates stem (see 
10' 01 @ f° r a more general argument). 

• The group U n (t) is unitary on L 2 , \\U h {t)\\ L 2^ L 2 = 1. 

• For < t < the group is dispersive, with \\U h (t)\\ L i^ L ^ < C\ht\- n / 2 . 

We postpone the precise statement of Strichartz estimates to Sect. || Duhamel's 
formula associated to (1.1) reads 

u h (t, x) = U R {t)u*{x) - iXH- 1 f U h (t - s) (\u h \ 2a u h ) (s, x)ds. 

Jo 

Replacing U h (t) by Uq (t) yields Duhamel's formula associated to 

ihd t u+^Au = X\u h \^u h , 
u \t=o — u o- 

The local Cauchy problem for this equation is now well-known in many cases 
(see for instance 0j for a review). In particular, the local well-posedness in £ is 
established thanks to the operators KV X and x/h + itV x (Galilean operator). This 
result is proved thanks to Strichartz inequalities, and to the following properties. 

• The above two operators commute with ihdt + 3- A. 

• They act on the nonlinearity like derivatives. 

• Gagliardo-Nirenberg inequalities. 



From Lemma 1.1 , the operators H h and J h meet all these requirements. Mimicking 
the classical proofs for (2.1) easily yields, 

Proposition 2.1 Let w§ € E. I f n > 3, assume moreover a < 2/(n — 2). Then 
there exists T h > such that (1.1) has a unique solution u h G C([0,T ],S). 
Moreover N and E h defined by (l.i) are constant for t G [0,T ri ]. 

If A > 0, the conservations of mass and energy provide a priori estimates on 
the E-norm of u h (t), and prove global existence in E. 

If A < and a < 2/n, then the energy E controls the E-norm of u h {t). 
Indeed, from Gagliardo-Nirenberg inequalities (1.7), 

\\u h (t)\\L^ < C||?/ l (i)||^ (2CT+2) (\\hJ h (t)u h \\ L2 + \\H h (t)u h \\ L2 ) 5{2a+2) . 
Notice that the following identity holds point-wise, 

\ujxu h (t,x)\ 2 + \h\7 x u h (t,x)\ 2 = \hJ h (t)u h (t,x)\ 2 + \H h (t)u h (t,x)\ 2 , 



4 



and one can rewrite the energy as 

E h = \\\hj\t)u h \\ 2 L2 + \\\H h {t)u h \\l. + -^\\ u \t)\\%tl. (2.2) 

Therefore, using the conservation of mass N" yields 

\\hJ h (t)u h \\ 2 L2 + \\H h (t)u h \\ 2 L2 < 2E h + C(\\hJ h {t)u H \\ L 2 + \\H h {t)u h \\ L2 ) n ° , 

and if a < 2/n, then the quantity \\HJ h (t)u h \\ 2 L2 + \\H h (t)u h \\ 2 L2 remains bounded 
for all times (for any fixed K). 

Similarly, global existence can be proved for small data. 

Proposition 2.2 Let Uq € S, and if n > 3, assume a < 2/(n — 2). Then u is 
defined globally in time and belongs to C([0, +oo[, E) in the following cases. 

• A > (defocusing nonlinear ity). 

• A < (focusing nonlinearity) and a < 2/n. 

• A < 0, a > 2/n and HuqIIs sufficiently small. 

Remark. In particular, in space dimension one, the solution u h is always globally 
defined for cubic nonlinearities (a = 1). 

3 Wave collapse 

Split the energy E h into E\ + £f , with 

= \\\hj\t)u h \\ 2 L2 + -h_ CO s 2 {u J t)\\u\t)\\ 2 ° 2 t 
1 



2a+2 

+ 2 ) 



E%(t) = -\\H h (t)u h \\ 2 L2 + — s in 2 (cot)\\u\t)\\ 2 °t? 2 . 



Lemma 3.1 The quantities E\ and E% satisfy the following evolution laws, 

^tt~ = 2^T~2 {na 2 ) sin (2^)II^WHi- + 2 - 
^ = ^(2--)sin(2^)||^(t)||^ + 2 2 . 

Remark. This lemma can be regarded as the analogue of the pseudo-conformal 
conservation law, discovered by Ginibre and Velo (||) for the case with no potential 
(w = 0). 
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Sketch of the proof. Expanding \hJj(t)u h (t, x)\ 2 yields, 

\hJ r -(t)u h (t,x)\ 2 =oj 2 x 2 sin 2 (ojt ) | u h (t , x) | 2 + h 2 cos 2 (out ) | dj u h (t , x) \ 2 
+ hwxj \m(udju). 

When differentiating the above relation with respect to time and integrating with 
respect to the space variable, one is led to computing the following quantities, 



dtj \xju h (t,x)\ 2 dx =2Mm J x J u h d : jU R , 

d t J \d jU h (t, x)\ 2 dx = - 2^- Im J x j vfld j u n - 2^Im J dfifi\u h \ 2a u h , 



d t Im I (x jU %u h ) j \V x u h \ 2 + ^ / x 2 \u h \ 2 + ^ / \u h \ 2 °+ 2 (3.1) 



h f , — ft ,o U) 2 f o, e.s , A 

HRe I x J d :j : u K Au h + ^-Re / x 3 d^x 2 u n 



It follows, 



+ 2^ Re J x 3 d 3 u h \u h \ 2a u h . 

- { \hJ h (t)u h (t,x)\ 2 dx=^^sm(2u;t) [ \u\ 2 °+ 2 
at J a + 1 J 

-2\hcos 2 (ujt) Im J d 2 u\u\ 2a u. 

Notice that it is sensi ble that the right hand side is zero when A = 0; from the 
commutation relation (|l.4| ), the L 2 -norm of J h (t)u h is conserved when A = 0, since 
J h {t)u h then solves a linear Schrodinger equation. 

Finally, the first part of Lemma [O] follows from the identity, 

j t \\u n {t)\\ 2 °+^ =-7i(<7 + l)Im J \u\ 2 °uAu. 

The second part of Lemma |3.1| follows from the relation E\ + E% = E h = est. □ 
As an application of this lemma, we can prove wave collapse when E\ (Q) < 0. 

Proposition 3.2 Let Uq £ S, and if n > 3, assume a < 2/(n — 2). Assume that 
the nonlinearity is attractive (X < 0) and a > 2/n. Assume that 

^I|fiv4||| 2 + -A_ ii^ii 2 :^ <0. 

Then u h blows up at time < tt/2oj, 

3t* < lim \\V x u h (t)\\ L 2 = oo, and lim \\u h (t)\\ L ^ = oo. 

2uj t-»t5 t— >t; 



G 



Proof. From our assumptions, if u h € C([0,T];£) with T < tt/2uj, 



E?(0) = E n - ^\\luxu%\\ 2 l2 <0, andVie [0,T], ^ < 0. (3.2) 
On the other hand, -Ef can be written as, 

=- ^cos(2ojt)\\ujxu h (t,x)\\ 2 L 2 +E h cos 2 (cut) 
+ ^-sin(2wt) Im J(v K x.V x u h ). 



In particular, Cauchy-Schwarz inequality yields, 

Ei(t) > - ^cos(2ujt)\\u;xu h (t,x)\\ 2 L 2 +E h cos 2 (uit) 

- - sm(2ujt)\\uxu h (t)\\ L 2 1| hV x u h (t)\\ L 2 . 

So long as V x it remains bounded in L 2 , so does xu h . This follows from the 
conservations of mass and energy, along with Gagliardo-Nirenbcrg inequality. 
Assume u h G C([0, tt/2lu}; £). Then letting i go to 7r/2w yields 



\2luJ ~ 2 



( 7T \ 1 



L 2 



toxu — , x 
\2uj J 

which is impossible from ( |3.2| ). Thus, there exists t% < tt/2uj such that 

lim ||Va;U S (i)|| £ 2 = oo. 
t— >tj 

From the conservation of energy, 

lim \\u\t)\\%+* a =oo, 

and the last part of the proposition stems from the conservation of mass. □ 
Remark. Notice that the blow up condition also reads 

^<ylKn| 2 . 

In term of energy, this means that the blow up occurs for higher values of the 
Hamiltonian than in the case with no potential, where the condition reads E < 0. 
This sufficient blow up condition varies continuously with to > 0. 

Corollary 3.3 Assume a > 2/n, A < 0. Let v$ G S. For k G E, de/me u„ = 
TTien /or |fc| sufficiently large, u h (t, x) collapses at time < tt/2lo, as in Prop. S.i . 

Proof. Fo r |fc| large, £^(0) becomes negative, and one can use the results of 
Prop. El □ 
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4 Lower bound for the breaking time 



In this section, we specify the dependence of the coupling constant A upon physical 
constants, and assume A = ah 2 . We also assume that the nonlinearity is cubic, 
(7=1. Physically, a is the s-wave scattering length. It is negative in the case of 
Bose- Einstein condensation for 7 Li system (||], jjj). We prove t hat if the space 



dimension n is two or three, then the nonlinear term ah 2 \u h \ 2 u h in (1.1) is negligible 
in the semi-classical limit h — > 0, up to some time depending on h. This will give 
us a lower bound for the breaking time when h — > 0, and prove that 



t h ^ — 

* fc->o 2u> 



As previously noticed, no blow up occurs for a = 1 and n = 1, that is why we 
restrict our attention to n = 2 or 3. In the one-dimensional case, it has been proved 
in |ic|] that the right model for Bose-Einstein consists in replacing the cubic non- 
linearity jit^ 2 ^ by the quintic nonlinearity lit^zA This case is critical for global 



existence issues (see Prop. 2.2, Prop. |3.2|), and is treated at the end of this section. 



Define the function v h as the solution of the linear Cauchy problem, 



2 



ihd t v h + —Av h = 



2 h 

-X V 



2 2 ' (4.1) 

«iU = <■ 

4.1 The case n = 2 or 3 

When n = 2 or 3, recall that we consider now the initial value problem for u h , 

'ihd t u h +—Au h =—x 2 u h + ah 2 \u h \ 2 u h , , s 

where a is fixed. Our first result is independent of the sign of a. 

Proposition 4.1 Assume n — 2 or 3. Let Uq £ S be such that \\uq\\l 2 , \\^xUq\\l 2 
and \\xuqWl2 are bounded, uniformly with h g]0,1]. Then there exist C,A,a > 
and a finite real q such that 

sup \\A h {t){u h - v h )(t)\\ L2 < Ch 1/( L, 

0<t<w/2io-Ah a 

where A h (t) can be either of the operators Id, J h {t) or H h {t). 

Remark. Notice that the assumption || V^Mq be bounded uniformly with h 
means that itg has no ^-dependent oscillation . 
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From Lemma 1.1, (1.4), J h v h and H h v h solve a linear Schrodinger equation 
with harmonic potential, and in particular their L 2 -norms are conserved with time, 

\\J K {t)v K \\ L , = ||Vx«S||i», \\H h (t)v h \\ L2 = \\cux4\\ L 2. 

We can deduce the following, 

Corollary 4.2 Let n = 2 or 3, and Uq £ £ oe sucft i/iai ||uolU 2 ) I^x«oIIl 2 a71 ^ 
l^^o Hi 2 are bounded, uniformly tuii/i /I €]0, 1]. Assume a < and 

||V<||£ 2 + a||4||l 4 <0. 

TTjen i/iere exists A, a > such that 

Vhe]o,i], t1>^--kh a . 

2co 



To prove Prop. 4.1, we first state precisely the Strichartz estimates we will use. 
Recall the classical definition (see e.g. [|j), 

Definition 1 A pair (q,r) is admissible if 2 < r < (resp. 2 < r < oo if 

n = 1, 2 < r < oo if n — 2) and 

- = o(r) = n 

g K> \2 r 

Strichartz estimates provide mixed type estimates (that is, in spaces of the form 
Lj(LJ), with (q,r) admissible) of quantities involving the unitary group 



U (t) = e 

A simple scaling argument yields similar estimates when Uq is replaced with e l ^ A , 
with precise dependence upon the parameter h. As noticed in Sect, g, the same 
Strichartz estimates hold when e l ^~ A is replaced by U (t) (provided that only 
finite time intervals are involved). 

Proposition 4.3 Let L be a interval contained in [0,7r/2w]. For any admissible 
pair (q,r), there exists C r such that for any f G L 2 , 



U\t)f\\ <C r h-^\\f\\ 



For any admissible pairs {qi,r\) and (92, ^2), there exists C rij r 2 such that for 
F = F(t,x), 



U h (t - s)F{s)ds 

ln{s<t} 



<C rur2 h-^-^\\F\\ Lq , {I . Lr , y (4.3) 



Ln(/:L''i) 

The above constants are independent of I C [0, 7r/2w] and h G]0, 1]. 
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We now state two technical lemmas on which the proof of Prop. 4.1 relics. 
Lemma 4.4 Ifn = 2 or 3, there exists q, r, s and k satisfying 



1 


l 


2 


r 7 


r 


s 


l 


1 


2 


~i 


q 





(4.4) 



and the additional conditions: 

• The pair (o/,r) * s admissible, 

• < \ < S(s) < 1. 

Remark. Notice that in particular, q is finite. 

Proof of Lemma 4-4- With S(s) — 1, the first part of (4.4) becomes 

m = \ - 1, 

and this expression is less than 1 for n = 2 or 3. Still with 5(s) = 1, the second 
part of (i.4) yields 

2 n 
2' 

which lies in ]0, 2[ for n = 2 or 3. By continuity, these conditions are still satisfied 
for 8(s) close to 1 and 5(s_) < 1. □ 

Lemma 4.5 Assume n — 2 or 3, and Zet a sofoe 



2 



^Ota fi + —Aa h = -^x 2 a h + h 2 F h (a h ) + ti A S 



«|t=o = 0. 



Assume that there exists Co > such that for any t < it /2u, 



f (a )(t) JT i < 



t 



2S(s) 



\a h (t)\ 



Then there exist C, A > independent of h G [0, 1[ such that 

(0,n/2u-Ah'*;Lz') 



sup \\a h (t)\\ L 2 < Ctf-Vlp*] 

0<t<J--Ah™ 



where a — 



fc<5(s)-l ■ 
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Proof of Lemma 4-5. From (4.3) with qi = q% = q, for any t < 7r/2w, 

loWir) < Ch^WS^^^ + Ch^ll\\F h {a h )\\ Lq j (0 ^y (4.5) 
From our assumptions, 

Co 



Hf„h\ 



\\F n (a 



2<5(s 



■lla'WIli 



L2 (0,t) 



Apply Holder's inequality in time with fl4.4|), 



H^K)ll^(0, t ;^)^ C 

< C- 



f/.S 



2/fc 



J J ll« \\Li(0,t;LC) 



2(5 (. 



Plugging this estimate into ( |4.5[ ) yields, for £ < Ah a , 



From (^4), the power of S in the last term is canceled for a = kS ^_ 1 ■ If in addition 
A is sufficiently large, the last term of the above estimate can be absorbed by the 
left hand side (up to doubling the constant C for instance), 

The last three estimates also imply, 

7>h/h\\\ ^ /nrll qH\ 



(4.6) 



The lemma then follows from Prop. 4.3, (4.3), with this time q% = oo and <?2 = <Z, 
along with (4.6). □ 



Proof of Proposition 1^.1. Denote w = u h — v h the remainder we want to assess. 
It solves the initial value problem, 



iHd t w h + ^Aw h = ^-x 2 w h + ah 2 \u h \ 2 u h , 



(4.7) 



We first want to apply Lemma 4.5 with a h = w . Since u h = v h + w , we can take 
F h {w h ) = a\u h \ 2 W H , S R = a\u R \ 2 v R . 
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The point is now to control the L— norm of u h . Notice that we can easily control 
the L— norm of v . Indeed, as we already emphasized, for any time t, 

\\v n (t)\\ L * = \\u n \\ L *, \\J n (t)v n \\ L 2 = \\Vu n \\ L *. 

From Lemma |l . l| , (|l.5|) , and Gagliardo-Nirenberg inequality, we also have, 



< 



C 



< 



cos M |^-|^WII-^ll jft (^ ft H- 



(&-*) 



S(s 



Therefore, the assumptions of Prop. [O] imply that there exists Co > independent 
of h such that for any t < w/2u), 



ll«*(*)lli*< 



Co 



' 7T I 

\2u 1 



Now Wu_ n — and we know from Prop. 2.1 that there exists T h such that the 



|t=o 



E-norm of w is continuous on [0, T ]. In particular, there exists t > such that 
the following inequality, 



\™ h (t)\\L,< 



Co 



Hi)' 



(4.8) 



holds for t £ [0,t h ]. So long as (4.8) holds, we have obviously 



\\At)\\i*< 



2C 



(2L * 



<5(s 



This estimate allows us to apply Lemma |4.5| , which yields, along with (4.4), and 
provided that t < ir/2oj — Ah a , 



<Crft 1 -V£|| u '»||2 4<0it . £jl) ||t,»|| 2ia<0it . £t) 



(4.9) 



Now apply the operator J h to (4.7). From Lemma 1.1, J h w h solves the same 
equation as w h , with \u h \ 2 u h replaced by J h (\u h \ 2 u h ). From (1.8), 

\J h (t)(\u n \ 2 u h )(t,x)\ < 4\u h (t,x)\ 2 \J h {t)u h (t,x)\. 



Writing J h u h — J h v h + J h w h and proceeding as above yields, so long as (4.S) 
holds, 



(4.10) 
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Combining ( |4.9D and ( 4.10| ), along with Gagliardo-Nirenberg inequality, yields, so 
long as (4.S) holds, 



\\w\t)\\ L ,<C 



(4.11) 



Possibly enlarging the value of A, (4.11) shows that (4.8) remains valid up to time 
t t/2lo - Kh a . This proves Prop. |4.l| when A h (t) = Id or J h (t), from (Q and 
([4.10[). The case A ri (i) = i/ fi (i) is then an easy by-product. □ 



4.2 The case n = 1 

We finally prove the analogue of the above results in space dimension one. When 
n = 1, one can do without Strichartz estimates, and simply use the Sobolev em- 
bedding H 1 C L°°, 

II/IIl^^cii/ii^ii^/ii^ 2 . 

The wave u h now solves 

\M t u h + ^dlu h = < ^x 2 u n + ah 2 \u h \ i u h , , . 

2 x 2 ii' ^ 4 12 ^ 

" t=o — "o- 



We start with the analogue of Lemma 4.5 



Lemma 4.6 Assume n = 1, and let a solve 

iHdta H + L.% a * = ^_ x 2 a n + ff F n ian) + K t s n_ ^ 

4=o = o- 

Assume that there exists Co > such that for any t < tt/2uj, 

||^VXt)|| L2 < , Ca 72- h h (t)\\ L2 - 

Then there exists C > independent of h G [0, 1[ such that for any A > 1, 

sup \\a h {t)\\ L 2 <Ch \\S n (t)\\ r2 dt. 
o<t<^--kh Jo 



Proof. Multiply (4.13) by a h , integrate with respect to x, and take the imaginary 
part of the result. This yields, from Cauchy-Schwarz inequality, 

j t \\a h {t)\\ L > < 2h\\F\a h )(t)\\ L2 +2h\\S h (t)\\ L , 

<-^-l\\a h (t)\\ L2 +2h\\S h (t)\\ L i. 

V2w V 
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The lemma then follows from the Gronwall lemma. □ 



We can now prove the analogue of Prop. 4.1 



Proposition 4.7 Assume n — 1. Let Uq E £ be such that \\uq\\l2, || 0x^0 Hi* an< ^ 
\\xuq\\ L 2 are bounded, uniformly with h e]0, 1]. Then there exist C, A > such that 

sup \\A h (t)(u h -v H )(t)\\ L2 <C, 

0<i<7r/2w-Afi 

where A h (t) can be either of the operators Id, J h {t) or H h (t). 

Proof. The proof follows the proof of Prop. |4.l| very closely, if we take q = oo, 
is.,k) — (oo,4). Denote w = u h — v h the remainder we want to assess. It solves 
the initial value problem, 

' iKd t w h + —dlw h = —x 2 w h + ah 2 \u h \ A u h , 
wf t=0 = 0. 

We first want to apply the above lemma with a h = w. Since u = v h + w h , we 
can take 

F h (w h ) = a\u h \ 4 w h , S h = a\u h \ 4 v h . 

The point is now to control the L°°-norm of u . Notice that we can easily control 
the L°°-norm of v h . Indeed, as we already emphasized, for any time t, 

\\v n (t)\\L* = \\J h {t)v h \\ L , = \\d x u^\\ L ,. 

From Lemma |l.l| , ( |l.5| ), and Gagliardo-Nirenberg inequality, we also have, 

mt)h ~ ~ | C 0BM)l^ l|t,ft(t)ll ^ a||jn(t)t, * ll ^ a 

< C ^P\t)\\%^J h (t)v h \\% 2 . 



Therefore, the assumptions of Prop. 4.7 imply that there exists Cq > independent 
of h such that for any t < w/2u), 



So long as 



|iA«)IU- < ; C \ 1/2 > (4-14) 



14 



holds, we have obviously 



2Cn 



1/2- 



This estimate allows us to apply the above lemma, which yields, provided that 
t < tt/2cj - Ah, 



lk fi ]U~(0,f;^) <Ch\\\u h \ 4 v h \\ La o mL2) 

<^[|« h |li*(0,t;Z-)ll» fc |U-(0,tii») 

< CA- 1 . 



(4.15) 



Similarly, applying the operator J h to (4.7) yields, so long as (4.?) holds, 

\\J h w h \\ L ^ t , L2) < CK-\ (4.16) 

Combining ( 4.15| ) and ( 4.16 ), along with Gagliardo-Nirenberg inequality, yields, 
so long as ( 1.14 ) holds, 



\w h (t)\\ L ~> <C 



1/2 



A" 



(4.17) 



Taking A large enough, ( f4.17D shows that ( |4.14[ ) remains valid up to time n /2uj—Ah. 
This proves Prop. |/7| when A h (t) = Id or J n (t), from ( fl,15| ) and ( |4.16| ). The case 
A h (t) = H h (t) is then an easy by-product. □ 

Corollary 4.8 Let n = 1, and Uq £ £ be such that ||tiolU 2 ; ll^ u o Hi 2 an d \\ xu n Hi 2 
are bounded, uniformly with h £]0, 1]. Assume a < and 

l\\d x 4\\i 2 + ^\\4\\i e <o. 

Then there exists A > such that 

VJte]o,i], t*>JL-Aft. 

Acknowledgment. The results in this paper were improved thanks to remarks made 
by T. Colin. 
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